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Abstract 



We prove Poisson upper bounds for the kernel K of the semigroup gen- 
p | erated by the Dirichlet-to-Neumann operator if the underlying domain 

is bounded and has a C°°-boundary. We also prove Poisson bounds for 
en ■ ff 2 for all z in the right half-plane and for all its derivatives. 
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1 Introduction 



For strongly elliptic operators it is well known that the associated semigroup has a kernel 
which satisfies Gaussian bounds. On ~R d this was proved by Aronson [Aro] and later 
different proofs were found to handle operators on domains [Dav] |Ouh3] |AE1] . Laplace- 
Beltrami operators [Sal] |Gri] . subelliptic operators on Lie groups |VSCj |ER] |DER] and 
references therein. This subject has attracted attention in the last decades and it is now 
well understood that Gaussian upper bounds for heat kernels play a fundamental role in 
problems from harmonic analysis such as weak type (1, 1) estimates for singular integral 
operators, boundedness of Riesz transforms and spectral multipliers, L p -analyticity of the 
corresponding semigroup, L p - maximal regularity, L p - independence of the spectrum,. . . . 
See Chapter 7 in |Ouh3] and the monographs mentioned above for an overview on the 
subject. 

It is our aim in the present paper to study the heat kernel of the Dirichlet-to- Neumann 
operator. Let Q C R d be a bounded connected open set with Lipschitz boundary. Denote 
by T = dQ the boundary of Q, endowed with the (d — 1) -dimensional Hausdorff measure. 
Note that T is not connected in general. The Dirichlet-to-Neumann operator N is an 
unbounded operator on L 2 (T) defined as follows. Given ip G -^(r), solve the Dirichlet 
problem 



with u G W l,2 {Vt). If u has a weak normal derivative |^ in -^(r), then we say that 
ip G D(N) and Nip = See the beginning of Section [5] for more details on this defi- 
nition. The Dirichlet-to-Neumann operator, also known as voltage-to-current map, arises 
in the problem of electrical impedance tomography and in various inverse problems (e.g., 
Calderon's problem). It is well known that N is positive and self-adjoint, so —N generates 
a Co-semigroup S on -^(T). Moreover, S is holomorphic in the right half-plane. If Q has a 
C°°-boundary, then N is equal to y/—A LB , up to a pseudo-differential operator of order 0, 
where A LB is the Laplace-Beltrami operator on T (see Taylor |Tay| Appendix C of Chap- 
ter 12). This implies that S has a smooth kernel K. Since the semigroup generated by 
— A LB has Gaussian kernel bounds, the semigroup generated by — y/— Alb satisfies Pois- 
son kernel bounds (see, for example, |Yos] page 268). Therefore one would expect that the 
kernel of the semigroup S generated by —N also satisfies Poisson bounds. It is tempting 
to use perturbation arguments to achieve this idea but this is highly non-trivial because 
the operators in consideration are not differential operators (these are pseudo-differential 
operators). Nevertheless we shall prove a Poisson upper bound for the heat kernel of N 
and show that this is even true for complex time. One of the main theorems of this paper 
reads as follows. 

Theorem 1.1 Suppose Q C R d is bounded connected with a C°° -boundary T. Let N be 
the Dirichlet-to-Neumann map and let K be the kernel of the semigroup generated by —N. 
Then there exists a c > such that 



Au = weakly on Q 



(1) 



K z (x,y)\ <c(cos6)- 2d{d+1] 



(|^| A l)-( d -!) 




d 



for all x, y G V and z G C with Re z > 0, where 6 = arg z. 
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We also prove upper bounds for various derivatives of K z in Theorem 16.11 As a Corol- 
lary of the upper bound with complex time one obtains immediately that the semigroup 
generated by —Af on L P (T) is holomorphic on the right half-plane for all p G [1, oo). 

For positive time t we prove a more general version of Theorem 11.11 in which we allow 
a positive measurable potential. Let V G Loo(^) and suppose that V > 0. Let Afy be the 
Dirichlet-to-Neumann operator with the condition Au = in (TjQ) replaced by (— A + V)u = 
weakly on Q. Then again Afy is a positive self-adjoint operator in L 2 (T) (see Section [2]). 
We prove the following Poisson bounds for the heat kernel of Afy. 

Theorem 1.2 Suppose Q C Bf is bounded connected with a C°° -boundary T. Let V G 
L 0O (f2) and suppose that V > 0. Then the semigroup generated by —Afy has a kernel K v . 
Moreover, there exists a c> such that 



for all x, y G T and t > 0, where Ai is the first eigenvalue of Afy. 

The proof of Theorem 11.21 follows by domination of semigroups. Indeed, we prove on 
any Lipschitz domain Q that the semigroup S v generated by — Afy is pointwise dominated 
by the semigroup S. At first sight, this is not obvious since Afy does not seem to be a 
perturbation of Af by some positive potential. This domination of semigroups implies the 
domination of their corresponding kernels and hence the Poisson bound for Kff follows 
from that of K t for positive time. In Section [2] we will prove positivity and domination 
properties. Moreover, we prove that the semigroup S v generated by —Afy is sub-Markovian 
and ultracontractive. This then gives estimates on the L p -L q norm ^.x, for alH > 

and 1 < p < q < oo. These imply the existence of a bounded semigroup kernel for S 
and S. In order to deduce (off-diagonal) Poisson bounds for S we use a multi-commutator 
argument of Mcintosh and Nahmod [MN] . If M g denotes the multiplication operator with 
a function g G C°°(T), then one needs L p -L q bounds on the commutator [M g ,S t } and 
higher order commutators [M g , [. . . , [M g , St] ■■■]]■ Using Duhamel's formula these involve 
commutators like [M g , [. . . , [M g ,Af] ...]], for which we prove appropriate L p -L q bounds 
using a powerful theorem of Coifman and Meyer [CMj . and Riesz potentials. Together 
with the estimates on \\S t || for all t > we then establish Poisson bounds for K t in 
Section HI Unfortunately, this proof breaks down if one wants to prove Poisson bounds 
for K z with z in the right half-plane, since we do not have appropriate L p -L q estimates 
for S z . Nevertheless, using the semigroup T associated to a high enough power of Af, we 
will be able, with the Coifman-Meyer commutator bounds, Sobolev embedding theorem 
and spectral theorem, to prove bounds on ||[M ff ,Tj||£, 1 _ + £ oo and higher order commutators 
in Section [5j By subordination these give bounds for multi-commutators in S z and then 
Poisson- type bounds for K z , but with a loss of an e. Luckily, the latter still imply the 
missing bounds H^Hz^-n, for all 1 < p < q < oo. Then the method in Section 0] gives 
the bounds of Theorem 11.11 for complex z. In Section [6] we deduce Poisson bounds for the 
derivatives of K z . Finally we discuss holomorphy and ifoo-functional calculus for Afy and 
Af in Section [3 In the appendix we collect definitions and theorems for Sobolev spaces on 
compact manifolds which we need throughout the paper. 

Finally, we emphasize that all the methods and heat kernel bounds in this paper are 
also valid if Af is the Dirichlet-to-Neumann operator on a compact Riemannian manifold 



0<Kf(x,y) < 



c(t A l)"^- 1 ) e~ Xlt 




d 
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without boundary. In addition all we used is that Af is a self-adjoint elliptic pseudo- 
differential operator of order 1 on a compact Riemannian manifold without boundary. 
Hence one can state all the results in this setting. 



2 Positivity and domination 

In this section we define the Dirichlet-to-Neumann operator with a potential. We then 
prove that its associated semigroup on ^(r) is sub-Markovian and also prove domina- 
tion between semigroups associated with Dirichlet-to-Neumann operators with different 
potentials. 

We assume throughout this section that Q is a bounded Lipschitz domain of R d . (In 
the rest of this paper we require that Q has a C°° -boundary.) Let V G Loo(fi, R) be a 
(real-valued) potential. Define the space Hy of harmonic functions for —A + V by 

Hy = {n£ W 1 ' 2 ^) : -Am + Vu = weakly on SI}. 

Here and in what follows —Am + Vu = weakly on f2 means that u G W 1,2 (n) and 



Vw.Vx+ / Vux = 
n Jq 

for all x e C c °°(^)- Note that we can replace x e C~(fl) by x e W 1,2 (fi). Define the 
continuous sesquilinear form o^: VF x ' 2 (0) x H /1,2 (fi) — > C by 

ay(w,f)= / Vn.Vf + / Vmw. 

It is clear that Hy is a closed subspace of W 1,2 (Q) and 

H y = {«6 H/ 1,2 (fi) : av(u,v) = for all v G kerTr}, (2) 

where Tr : H /1 ' 2 (f2) — >■ £2 CO is the trace operator. 

Denote by An the Laplacian with Dirichlet boundary conditions on Q. Define the form 
ay\ Wq' 2 (Q) x Wq 2 (Q) -> C by a® = Qv\wW(a) x wW(ny Then — A D + V is the operator 
associated with the form <Xy. If V > 0, then ^ (t(-A d + V). The space H /1 ' 2 (fi) has the 
following decomposition. 

Lemma 2.1 Suppose ^ cr(— A^ + V). Then 

W 1 ' 2 ^) = Wq' 2 {Q) © H v . 

In particular 

Ti(H v ) = Ti(W 1 ' 2 (n)). (3) 

Proof This result is already proved in |AM] Lemma 3.2 when V is constant. The proof 
given there works in our setting but we repeat the arguments for completeness. 

Define A. Wq 2 {VL ) W 1,2 (fi)' by (Au,v) = a#(u,v). Since i a(-A D + V) it 
follows from [ABHN] Proposition 3.10.3 that A is invertible. Let u G W 1 ' 2 ^). Define 

f g w^ 2 (ny by 

= / Vu.W + / ^m. 
in Jq 
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n 



Then there exists a unique uq G W ' 2 (Q) such that Au = F. This means that (Auq, x) — 
F(x) for all x £ Wo' 2 (^) an< ^ nence 

V(n-u ).V^ + / V(u-u )x = 0. 
Jn 

It follows that u — uq G and so u = Mo + (u — Uq) G W q ' 2 (Q) + iiy. The fact that 
i a(-A D + V) implies easily that W 1,2 (fi) n H v = {0}. □ 

A direct consequence of Lemma |2"7H is that the trace Tr is injective as an operator from 
Hy into L 2 (T). Indeed, if u, v G Hv such that Tru = Trt>, then u — v G D W ' 2 (n). 
Thus w — v — 0. This is a key ingredient for the next coercivity estimate. 

Lemma 2.2 Suppose ^ er(— A D + V). Then there are fj, > and a; G R sitc/i #ia£ 

a v (u,u)+u\\Tru\\l 2{r) > n \\u\\ 2 w i,2 {n) 

for all u G H V - 

Proof Since the embedding of W 1,2 (VL) into L 2 (f2) is compact, it follows that for all 
e G (0, 1) there exists a c > such that 

\u\ 2 < £\\u\\wh2(a,) + c / |Trw| 2 (4) 
n Jr 

for all u G Hv- Therefore, 

I \u\ 2 <-^- I \Vu\ 2 + -^- [ |Tr 
Jn 1 - £ Jn 1 - £ Jr 



u 



2 



Thus 



a v (u,u) = I |Vw| 2 + I V \u\ 2 
n 



> I iVwl 2 - / Id 2 



oo 

n Jn 
>(l-^|yU / |Vn| 2 -^-^ / |Trn| 2 

1—5 Jo 1 — £ 



'n *- — zjT 

Choosing e = (4( j| Vjloo + one deduces that 



c\\V\ 



a v (u,u) + ^^ I \Tru\ 2 >± / |V«| 2 . 



r Jn 



Hence 



by using PJ again. □ 
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It follows from ([2]) and Lemmas 12.11 and 1 2 . 2 1 that we can apply |AE2] Corollary 2.2: there 
exists an m-sectorial operator, which we denote by My, such that for all tp,if> E L 2 (T) one 
has ip G D{My) and Nyip — if) if and only if there exists a u G W l,2 {VL) such that Tr u = ip 
and 



Vm.Vm + / Vut; = Ov(ti,t))= / i/jTiv (5) 
n in </r 

for all v G W rl ' 2 (fi). Since ay is symmetric, the operator My is self-adjoint. Obviously 
Ay is bounded below. If ip, if) and u are as above, then choosing v G C^°(0) gives 
Am = e £2^) as distribution. Hence 



Vm.Vm + / (Am) v = / ^Trt> 
n Jq Jr 

for all v G W /1,2 (i7) and |^ = ip by the Green formula. Thus for all ip,if> G -^(r) one has 
V? G D(My) and A/V<£> = "0 if and only if there exists a m G W 1,2 (Q) such that Ttm = ip, 
Am = Km as distribution and ^ = if). 

The self-adjoint operator —My generates a quasi-contraction holomorphic semigroup 
S v on i^2(r)- When 7 = we write for simplicity M = Mo and S = S°. 

There is another way to describe the operator My, this time with a form with domain in 
L 2 (r). Since Tr \u v is injective, we can define the form by with domain D(by) = Tr (Hy) 
by 

by(TrM,Trw) = <\y{u,v) 

for all m, v G Hy. We equip D{by) with the inner product (TrM, Trv)i)(b v ) — ( M ? -y )vK 1 . 2 (n)- 
Since Hy is closed in iy 1,2 (f2) it is clear that D(by) is a Hilbert space. It follows from 
Lemma [2~2l that the form by is continuous and elliptic. Then My is the operator associated 
with by. Indeed, let ip,if> G -^(r)- Then 99 G D(My) and AVy? = "0 if and only if there 
exists a m G W 1 * 2 ^) such that ip = TrM and ([5]) is valid for all v G W 1,2 (fi). Using ([2]) 
it follows that then u G Hy. Moreover, if u G Hy, then ([5]) is valid for all v G Wq' 2 (Q). 
Hence by Lemma 12.11 it is equivalent with the statement that there exists a u G Hy such 
that ip = TrM and 

M<^,TrM) = (?/>, Tr f)^ 2 (r) 

for all v G iiy. 

In the rest of this section we prove the sub-Markovian property of S v , a domination 
property and L p -L q estimates. 

Theorem 2.3 

(a) // — A D + V > an<i a(— A D + V), t/jen the semigroup S v is positive. 

(b) If V > i/ien S* 17 zs sub-Markovian. 



Proof '(a)'. When V is a constant, the positivity of the semigroup is proved in |AM] 
Theorem 5.1. The same proof works here, but we repeat the arguments for completeness. 
By the well known Beurling-Deny criteria (see |Davj . Section 1.3 or |Ouh3] , Theorem 2.6), 
it suffices to prove that ip + G D{by) and by(ip + ,ip~) < for all real valued ip G D{by). 
Let ip G D{by) be real valued. There exists a u G Hy such that ip = TrM. Without loss of 
generality, u is real valued. Then ip + = Tr (m + ) G Tr (H /1 - 2 (fi)) = Tr Hy = D(b v ) by ©. 



By Lemma 12.11 we can write u + = Mq + Mi and u = Vq + V\ with Mo, Mo G W 1,2 (fi) and 
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Mi, t>i G Hy. Taking the difference, yields u = u + — u = (uq — v ) + (u\ — v\). Since both 
u,Ui — v i G H v it follows that u = v . Therefore with ([2D one deduces that 

by(v? + , ip~) = ay(ui, «i) = Oy(Mi, W + «i) = ay(w + «i, t> + ^l) - ay(w , W + «l) 

= ay(w + ,M~) - ay(w ,^o) = -Ov(uo,vq) 

= -ay(u , u ) = - (I Vu | 2 + 1/ |u | 2 ) < 0, 
Jn 

a v (u + ,u-)= I V(w+).V(w~) + / Vu + u- = 
Jn Jn 

and we used the assumption —A D + V > in the last step. This proves the positivity of 
the semigroup S v on L 2 (T). 



since 



(b)|. By [Ouh2] or [Ouh3j . Corollary 2.17 it suffices to prove that 1 A ip G -D(by) and 



by (1 A <p, (ip — 1) + ) > for all ip G -D(by) with > 0. Let if G -D(by) and suppose <£> > 0. 
As above, the fact that 1 Aip G -D(by) follows from ([3]). Let w G i/y be such that <p = Tr u. 
Without loss of generality, u is real valued. We decompose 1 An = u + ui G Wo' 2 (f2) ®H V . 
Then 

( w - 1)+ = u - 1 a u = (-u ) + (u- Wi) G W 1,2 (n) © ify. 
Using ([2]) one deduces that 

by(l A if, (ip — 1) + ) = ay(ui, u — Ui) = av(u + Ui, U — Ux) 

= ay(u + Ml, —Mo + U — U\) + ay (u + Ml, Mo) 

= ay (u + U\, —Uq + U — U\) + Oy (w , «o) 

V(l Am).V((m-1) + )+ / V , (lAt t )(u-l) + 

|Vu | 2 + /Vu 2 



V(«-l)" 



+ / |Vu | 2 + / Vu 2 >0 
Jn Jn 



as required. □ 

Note that the second part of the previous result can also be deduced from the next 
theorem in which we prove the domination property. 

Theorem 2.4 Let V U V 2 G ^(fi.R) be such that V l < V 2 , -A D + V x > and 
a(-A D + Vi). Then 

< S?<p < S?<p 

pointwise for all t > and < <p G ^(T). In particular, ifO < V G L 00 (f2), £/ien 

< Sf p < 

/or allt> and < </? G L 2 (T). 
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Proof Using criteria for domination of semigroups (see |Ouh2] or |Ouh3] . Theorem 2.24) 
it suffices to prove that 

bv 2 {<p,ip)>b Vl (<P,ip) (6) 
for all < (p, ip G D(b Vl ). Note that 

D(b Vl ) = Tr(W 1 ' 2 (n)) = D(b V2 ) 

and the ideal property in [Ouh2] or |Ouh3] is satisfied since both semigroups S Vl and S V2 
are positive by Theorem 12.31 (see Proposition 2.20 in |Ouh3j ). 

Let < ip,if) G D(byJ. There are real valued Wi,t>i G H Vl and u 2 ,v 2 G Hy 2 such that 
Trui = Trw 2 = <p and Trt>i = Tyv 2 = ip. Since u 2 — U\ G VF ' 2 (f2) and v 2 G ify 2 one has 

bv 2 {.V,4 ) ) = a V2 (u2,V2) = a V2 (u u v 2 ) 

= a Vl (u 1: v 2 ) + / (V 2 -Vi)uiv 2 



= a Vl (u 1 ,v 1 )+ / (V 2 -V 1 )u 1 v 2 = b Vl ((p,ip)+ / (V a -Vi)«if 2 . 

By the lemma below, we show that u\ > and t> 2 > 0. Hence J n {V 2 — Vi)uiV 2 > and 
© follows. □ 

We have the following maximum principle. 

Lemma 2.5 Suppose that V G Loo(fi, R) with —A D + V > and ^ cr(-A D + V). Let 
< (f G -D(by) and /ei m G /fy fee rea/ valued such that Tyu = (p. Then u > on Q. 

Proof By definition of u G Hy one has 

Vw.Vx+ / Vux = 



for all x £ Wq' 2 (Q). Note that w = on T since w = ip > on T. Hence u G W 1,2 (f2) 
by [AltJ Lemma A. 6. 10 and we can choose \ = u~ . We obtain 



Vu.V(u) + / V // //~ = 0. 

Because j n V(w + ).V(w~) = we arrive at 

|V(u-)| 2 + / 0. 



Since -A D + V > and ^ cr(-A D + V) we conclude that u~ = 0. □ 

Now we prove L p -L q estimates for the semigroup S v . Note that Ai > in the next 
theorem. 

Theorem 2.6 Suppose that al > 2, let < V G Loo(f2) and /et Ai G o~(A/y) fee i/ie first 
eigenvalue of My. Then for all 1 < p < q < 00 and t > iae operator SY is bounded from 
L p (Q) into L q (Q). Moreover, there exists a C > sttca that 

/or all t > and p, q G [1, 00] wi£/i p < q. 
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Proof Suppose first that d > 3. By Theorem 2.4.2 in |Nec] . the trace Tr is a bounded 
operator from D(bv) into L S (T), where s = • This implies that there exists a C > 1 
such that 

\\sY<p\\l<c(b v {sY<pX<p) + \\sMt) 

for all £ > and ip G ^(r). Therefore, maps ^(T) into L s (r) with 

||^|| 2 _ s <crvv. 

Since the semigroup is sub-Markovian by Theorem 12.31 the last estimate extrapolates 
and provides the Li-L^ estimate 

for a suitable C > 0, uniformly for all t > 0, see |Couj or |Ouh3] . Lemma 6.1. By |Ouh3j . 
Lemma 6.5, the last estimate improves to 

HSflli-Kx, < C'rW e-^ t (l+t) d - 1 . 

The conclusion of the theorem follows by interpolation. 

If d = 2, we apply the same arguments and use Theorem 2.4.6 in |Nec] . □ 

3 Smoothing properties for commutators 

Let (M,g) be a compact Riemannian manifold (without boundary) of dimension m. For 
general definitions and theorems on compact Riemannian manifolds we refer to the ap- 
pendix. We emphasize that we do not assume that M is connected. Then M has a 
finite number of connected components, say M\, . . . , Mjv, with Mi ^ Mj if % ^ j. For all 
% G {1, . . . , N} the component Mj is a compact connected Riemannian manifold. Therefore 
it has a natural Riemannian distance, denoted by dui- We denote by diamMj its diameter. 
Set D — 1 + YliLi diamMj. We wish to define a distance on the full manifold. For all 
% G {1, . . . , iV} fix once and for all an element £j G Mj. Let 

^ = {2GC°°(M,R): max ^fo) - g( Xj )\ + D \\ VglU < D}. (7) 

i,je{i,..,,N} 

lfx,yeM and g G W, then there are i,j G {1, . . . , iV} such that x G Mj and y G Mj. Note 
that HV^ImJIU^ca^) < 1- Therefore - < d Mi (x,Xi) < diamMj. Similarly, 

\d{y) ~ d( x j)\ — diamMj. Moreover, \g(xi) — g(xj)\ < D. Hence \g(x) — g(y)\ < 3D. Since 
this is for all g G W, we can define the function pm'M x M — > [0, oo) by 

Pm(x,v) = sup{|5f(a;) -flf(y)| : g G W}. (8) 

We collect some properties of pu- 

Lemma 3.1 

(a) The junction pu is a metric on M , bounded by 3D. 

(b) Ifi G {1, . . .,N} then PmIm.xm, = d Mi - 

(c) Ifi,j G {1, . . .,N}, x G Mi, y G Mj and i ^ j, then p M (x,y) > 1. 
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(d) Suppose k G IN and M is embedded in R fc . Then there exists a c > such that 

c" 1 \x -y\< p M (x, y) <c\x-y\ 

for all x, y G M. 

Proof Clearly pu satisfies the triangle inequality and is symmetric. If i G {1, . . . , N} and 
x,y E Mi, then p M (x,y) < d Mi {x,y). Conversely, if g G C°°(Mj, R) and || Vg\\ Loo ( Mi ) < 1 
then one can define g G C°°(M, R) by g(z) = g(z) if z G Mj and (7(2) = g(xj) if z Mj. 
Then g £ W and |<?(x) - = |#(:r) - #(|/)| < pAi(x,y). Hence d Mi (x,y) < Pm(x,v)- 
Therefore Pa/Im^a^ = ^m 4 - Finally, let i, j G {1, . . . , iV}, x G Mj and ?/ G Mj with 2 7^ j. 
It is easy to see that pAf (xj, Xj) > D. Hence pM(x,y) > D — pA/(x,Xj) — pM(y,Xj) > 1. 
The last statement follows from Lemma IA.9I and the fact that the compact components 
Mi are disjoint. □ 

Although we do not need the following definition until Section [51 it is convenient to 
state it now. Let k G IN. Define 

W k = {g G C°°(M,R) : max \g( Xi ) - g{xj)\ + D max HV^IU < D}. (9) 

i,je{i,...,N} ee{i,...,k} 

Clearly W l DW 2 D .... Define p£ } : M x M [0, 00) by 

p ( M( x ^y) = su p{\g( x ) -g(y)\ : # e w*}- 

Then pjj (x, y) > p£ } v) > ■ ■ ■■ 

(k) 

Lemma 3.2 Let k G IN. The function p M is a metric on M and it is equivalent to pm- 

Proof Note that for all % G {1, ... , N} the map 

(x, y) 1 y su P {\g(x) - g(y)\ : g G C°°(M i ) and || V^|U for all £ G {1, ... , £;}} 

is a metric on Mj which is equivalent to dui- (See Lemma [A. 81 ) Then the first part of the 
lemma follows as in the proof of Lemma 13.11 Moreover, the second part follows from this 
equivalence. □ 

In the proofs we need various estimates on commutators of pseudo-differential operators 
with C°°(M)-functions. On R m these read as follows. We denote by iS(R m ) the Schwartz 
space. 

Theorem 3.3 Let k G IN and T G OPS fc (R m ). Let n G {k, . . . , k + m}. 

(a) If n = k then for all p G (1, 00) there exists a c > such that 

\\[M gi , [. . . , [M gn ,T] . . .))u\\ p < c || VpiHoo . . . HVfifJoo \\u\\ p 

for allg u ...,g n e S(R m ) and u G C c °°(R m )- 

(b) If n G {k + 1, . . . , k + m — 1} then for all p G (1, - J zx) there exists a c> such that 

\\[M gi , [..., [M 9n ,T] . . ]]u\\ q < cUVflfilloo . . . llVs-Joo 
for all gi,..., g n G S(R m ) and u G C c °°(R m ) ; where \ - \ 



n—k 
m 
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(c) If n = k + m then there exists a c> such that 

\\[M gi , [..., [M gn ,T] . . < c IIV^IU . . . IIV^IU |H|! 

for all gi,...,g n e S(R m ) and u G C c °°(R m ). 



Proof Statement (a) follows from |CM] Theoreme 2. 

Next suppose that n G {k + 1, . . . ,k + m}. Let K be the (distributional) kernel of 
T. Since T G OPS k (R m ), there exists a c> such that |-K"(a:,y)| < c\x - y\- m - k for all 
x,y G R m with x ^ y. (See [5te2] Proposition VI.4.1.) Let gt,...,g n G S(R m ). Let K 
denote the kernel of [M m , [. . . , [M ffn , T] . . .]]. Then fT(x, n) = fT(x, y) Y$ =l (gj(x) - 
for all x ^ y. Hence 

for all x,y E R m with x ^ y. 

If n G {/c + l,...,/c + m — 1} then |X| is a Riesz potential and the boundedness of the 
multi-commutator from L p into L g follows from |Stel] Theorem V.l. 

Finally, if n = k + m then K is bounded. Therefore the multi-commutator is bounded 
from L\ into L^. □ 

The theorem transfers to compact Riemannian manifolds. We emphasize that the 
manifold does not have to be connected in the next proposition. 

Proposition 3.4 Suppose M is compact. Let k G IN and T G OPS fc (M). Let n G 
{k, . . . , k + m}. 

(a) If n = k then for all p G (1, oo) there exists a c > such that 

\\[M 91 ,[...,[M gn ,T]...)}u\\ p <c\\u\\ p 

for all u G C°°(M) and g u . . . , g n G W. 

(b) If n G {k + 1, . . . , k + m — 1} then for all p G (1, . . . , -^r) £/tere exists a c > snc/i 

||[M ffl ,[...,[M ffn ,T]...]H| g <c|H| p 
/or a// it G C°°(M) and . . . , g n G W, where 1 - i = 

(c) If n = k + m then there exists a c > snc/i i/iai 

||[M fll) [...,[M Sn ,T]...]] U || 0O < C |H| 1 

/or a// u G C°°(M) and . . . , g n G W. 

Proof Since M is compact there are L G IN and for all I G {1, . . . , L} there exist an 
open Ut C M, a C°°-diffeomorphism ipf.Ue — > 5(0,1) and XiiXe. e sucn that 

5^&=i — 1 an d — 1 f° r an ^ ^ supp Xt- Without loss of generality we may assume 

that there exists a Cq > such that 

llVfa o t^ 1 ) || Loo (B(o,i)) < c o IIV^IIl^cm), 

IMUgCty < c o ||w ° ipJ X \\L q (B(o,i)) and 
Ik O^IUpC-BCO,!)) < Co \\v\\ Lp (u e ) 
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for all I £ {1, . . . , L}, g £ C^(Ue), u £ L q (Ue) and v £ L p (Ue). Since T is a pseudo- 
differential operator on the compact manifold M, one can write 

L 

r ^.\/ x //\u X! • v;„ 



where T has a C°°-kernel representation, i.e., there exists a C°°-function i^: M x M — >■ C 
such that 

(T u)(x) = K(x,y)u(y)dy 

J M 

for all u £ C C °°(M) and ar £ M. 

The multi-commutator with T is easy to estimate. Let gx, . . . , g n £ W . Then 

» n 

\([M gi ,[...,[M 9n ,T ]...]]u)(x)\ = / /f(x,y)(n(9i^)-ft(y)))«(l/)^ 

Jm v <=i 



<(3D)« / ^(x.^IKj/)!^ 



for all m £ C°°(M) and x £ M, where we used Lemma I3"H (a) Hence 

|| [M gi , [..., [M gn , To] . . .]HU, (M) < {m n (Vol(M)) 1+ M H^Hoo ||n|| Lp( M) 
for all u £ C°°(M). 

Next we estimate the multi-commutators involving M Xt T M Xr For all £ £ {1, . . . , L} 
there exists a classical pseudo-differential operator Tg of order k such that 

= (xiT[(w- (xe o y^ 1 ) ) o J o y^ 1 



for all w £ <S(R m ). By the corresponding part of Theorem 13.31 there exists a q > such 
that 

HfMfcj, [. . . , [M hn ,T e ] . . .)]u\\ q < C£ || V/ii||oo . . . ||V/i n |U ||w|| p 

for all h u . . . , h n £ <S(R m ) and u £ C 6 °°(R m ). 

Let 5: W 1>oo (S(0, 1)) -> HA°°(R™) be an extension operator as in [SteT] Theorem VI.5 
with respect to the domain 5(0,1) C R m . Note that E(h) £ C°°(R m ) for all h £ 
C°°(B(0, 1)). Without loss of generality we may assume that supp£(/i) C 5(0,2) for 
aU h £ W^iBiO, 1)). 

Now let i £ {1, ... , L}. Let # £ W. Then 

l|Vf ((^-^(^(O))) ° ^) lU^OR™) < ||£|| \\g o tpj 1 - (go(pj l )(0) 11^1,00(5(0,1)) 

<2||£|| llV^o^- 1 )!!^^)) 
<2co||5|| \\Vg\\ Laa{M) 
< 2c ||£||. 
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Now let gi, . . . , g n G W. Write & = g t - ^(^(O)) and h t = E{g { o (pj 1 ) G S(R m ). Then 
||V/ii|| ioo (]Rm) < 2c ||£||. For all A C {l,...,n} define g A = Yl ieA gi and h A = U ieA hi. 
Let u G C°°(M). Then 

[M gi ,[..., [M gn , M xe TM% t ] . . .]]u — [M gi ,[..., [M 9n , M Xe T M„] ...]]« 

= ]T (-i)"-i a i x ^aT(^cx^). 

AeP({l,...,n}) 

So 

||[M fll ,[...,[M gri ,M X€ TM^]...]H| MJW) 

< c o|| Y (-l) nHA| (xi9AT{g A oXeu)j o V j l \\ Lq{nm) 

AeV({l,...,n}) 

= c oll Y (- 1 ) n ~ |A| (^°¥ , 7 1 )^((^o<^7 1 )-( MO v 3 7 1 ))lU 9 (ia™) 

AeP({l,...,n}) 



Y (-l) n " |A| ^aT,(/i A c ■ ( w o v^ 1 )) \\ Lq{Rm) 



= c o II 

AeP({l,...,n}) 

= c ||[M fcl , [. . . , [M hn ,f] . . .}}(u o ^Ikpa-) 

< C q(2c ||^||) n || (MO </'7 1 )||i p (]Rm) 

< CqQ (2c ||£||) n ||w||l p (m)- 

This proves the proposition. □ 

The proof of Theorem II .21 in the next section heavily depends on the bounds of the last 
proposition. 



4 Poisson bounds for K\ 

We assume for the rest of this paper that Q C R d is bounded and connected, with a C°°- 
boundary V. Recall that we do not assume that V is connected. For the remaining part of 
this paper, fix an element in each connected component of V as in Section [31 define W as 
in ([7]) and the distance pr as in flH]). For all g G C°°(T) and p G [1, oo] define the derivation 
5 g on £(L p (r)) by S g (E) = [M g , E], where M g denotes the multiplication operator with the 
function g. 

In order not to repeat a proof for the kernel bound for K z with z complex in Section we 
prove a slightly more general proposition then that we need at the moment. By Theorem l2.6l 
we know that the assumptions of the next proposition are valid with a = and N = 0. 
For all a G [0, |) define the sector 

S a = {z G C : z = or | argz| < a}. (10) 

Note that £„ is closed. 
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Proposition 4.1 For all N £ [0, oo) and c > there exists a d > suc/i the following 
is valid. Let a £ [0, ~) and suppose that 

\\S z \\ p ^ q < c(cos6)- N \z\- (d - lKl p-^ 
for all p,q £ [1, oo] and z £ E a , wt/i p < q and < |z| < 1, where 9 = arg z. T/ien 

< c (cos ey N ^ \ z \ 

for all g £ W and z £ £ a u>rf/i < |z| < 1, where 9 = arg z. 

For the proof we need the following decomposition for 5g(S z ). For all k £ IN let 

= {fa, . . . , £ fe+1 ) £ (0, oo) fe+1 : ti + . . . + 4+i = 1} 

and let c?Afe denote Lebesgue measure of the fc-dimensional surface H k . 

Lemma 4.2 Let T be a continuous semigroup on the sector E a and generator —A on a 
Banach space X , where a £ [0, |). Let B £ C(X) and define the derivation 5 on C(X) by 
5(E) = [B,E). Then 



7 — i a. r-m J Hk. 

o T i2 z S n (A) T tl z d\ k (t 1 ,..., t k+ i) 



fc=i ii,-,i fe eiN ^^fe 

ii+...+ifc=n 



/or all z £ E Q and n £ IN. 
Proof If n = 1 then 



<TO = [B, T z \ = -z [ T (1 _ s)z [B, A] T sz ds. 

Jo 



Since 5 is a derivation, the lemma easily follows by induction. □ 

Proof of Proposition ED Recall that N £ OPS x (M) (see [Fay] Appendix C of Chap- 
ter 12). By Proposition 13.41 for all p,q £ (1, oo) with p < q and (d — l)(i — ~) £ 
{0,1,..., d — 1}, and in addition for the combination p — 1 and g = oo, there exists 
a c Pi9 > such that 

II^CAOIIp-h < c p,9 

for all g <EW, where j = 1 + (d - 1)(± - i). 

We will use the decomposition of Lemma 14.21 and estimate each term in the sum. Let 
k £ {1, . . . , d}, (ti, . . . , t fe+1 ) E H k , g eW and ji, . . . ,j k £ W with j 1 + ...+j k = d. 

li k — 1 then = d and 



H fe ||^ 2Z ^(A^) -Vlll^oc < \z\ h HSfeJoo-oo II^H^IIl^oo \\S tl 



z 



< c 2 cioo W (cos^)- 27V . 
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Suppose k G {2, . . . , d}. There exists a K G {1, . . . , k + 1} such that tx > ^tj- Note that 
J2e=i(ji ~ i) — d — k < d — 1. First suppose K ^ {1, A; + 1}. Fix 1 = g < Pi < <?i — P2 < 
Q2 = P3 < ■■■ < Qk-2 = Pk-i < Qk-i < Pk < Qk = Pk+i < Qk+i < < qk-i = Pk < 
qk < Pk+i = 00 such that 

1 1 - 1 - 1 1 1 - J£ ~ 1 and 1 1 k ~ 2 

Pi 2(d - 1) q k " Pi qi d-1 q K _i p K d-1 

for all £ G {l,...,jfe}. Then 

kl*||5 tfcfl- ^(A0...^(^0^Ji-H» 

IIWIIp^ 

£=1 

< c (cos 0)-* (^ir^ -1 ^-^ Y[ c nM c (cos ey N {u +1 \z\y {d ~ 1){ ^~^ ] 

1=1 

= d (cos 6)-^ N \z\ k \z\-^ t- 1/2 t' K ik ~ 2) t~l{ 2 
<c'(k + l) k - 2 (cos6)-^ N \z\t- 1/2 t k l{ 2 , 

where d = c k+l Yle=i c pim- ^ K E. {l,k + l} then a similar estimate is valid with possibly 
a different constant for d. Integration and taking the sum gives the proposition. □ 

We are now able to prove the Poisson bounds for real time. 

Proof of Theorem 11.21 By Theorem 12.61 and Proposition 14.11 there exists a c > such 
that ||(^(S , t )|| 1 _ K30 < ct for all g G W and t G (0, 1]. Hence 

\(g(x)-g(y)) d K t (x,y)\ < ct 

for all t G (0, 1], x, y G T and g G W. Optimising over g G W gives pr(x, y) d K t (x, y) < ct 
and 

for all x, y G T and t G (0, 1]. By Theorem 12.61 there exists a C\ > such that K t (x, y) < 
?i||i-+oo < Cit- (d_1) for all i G (0, 1] and x,y G I\ Hence 



(l + ^f^)V,(x )2/ )<2 rf (c 1 + c 2 )r 



(d-i) 



Since pr is equivalent to the distance (x, y) (->■ |x — y| on T by the Lemma l3Hp(d) 
establishes that there is a c 2 > such that 

KY{x,y)<K t (x,y)< ~ 



one 



for all t G (0, 1] and x,y G T, where we used the domination of Theorem 12.41 in the first 
inequality. 
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Finally we deduce large time bounds. Using Theorem 12.61 there is a C3 > such that 

for all t G [1, 00). Since T is bounded, there is a C4 > such that 

c 4 (t A l)-^- 1 ) e - Xlt 



K?(x,y)< 



1 + 



t 

for all x, y G T and t G [1, 00). This completes the proof of Theorem 11.21 □ 

5 Poisson bounds for K? 



In this section we will give a proof for Theorem ll.l[ that is Poisson kernel bounds for 
complex time. The proof follows from Proposition I4.1[ once one has semigroup bounds for 
llSzllp^g for all 1 < p < q < 00. These bounds are easy if p < 2 < q, see Lemma IST21 But if 
2 ^ [p, q] then it is much harder. The method to derive them is to prove bounds for Sg(S z ) 
from L\ to C v = W ,p . Unfortunately, this method does not allow to give directly the 
bounds from L\ to L^. It is convenient to consider the semigroup generated by a power 
of Af and then use fractional powers to go back to Af. 

Define P = Af + 1. If confusion is possible, then we write P p for the operator on L p (T), 
where pG [1, 00]. We start with a regularity result for the Dirichlet-to-Neumann operator. 

Proposition 5.1 Let p G (1, 00) and n G IN . Then W n,p (T) = D(P p ). In particular, 
there exists a c> such that 

c 1 \\u\\w n 'P{r) < ||-PpW||p < c |H|w«, P (r) 

for allue W n ' p (T). 

Proof The case n = is trivial. Let n G IN and suppose that W n ' p (T) = D(P™). 
It follows from (C.4) or Proposition C.I in Appendix C of Chapter 12 in Tay that 
there exists a pseudo-differential operator Vq of order such that P = y— A + Vq. 
Then P n+1 = (-A)( n+1 )/ 2 + W, where W G OPS"(r). By Lemma \EM there exists a 
c > such that ||PUu|| p < c ||w||w«,p(r) for all u G C°°(T). By Proposition IA.2I one 
has W n+1 ' P (T) = D((—A p )( n+1 ^ 2 ) with equivalent norms. Hence there exists a d > 
such that ||(-A p )( n+1 )/ 2 u||p < d \\u\\ Wn+ i, P{r) for all u G C°°(r). Then ||P n+1 ?i|| p < 
(c+d) \\u\\ W n+i, P{T) for all u G C°°(T). Since C°°(r) is dense in W n+1 < P (T) (see Lemma|Aj| 
and P is closed, it follows that W n+1 ' P (T) C D(P™ +1 ). The converse follows similarly, once 
one knows that C°°(r) is a core for P p +l - The latter can be proved as follows. Let m G IN. 
Then P™ is an elliptic pseudo-differential operator of order m. Hence D(P™) = H^ m ' 2 (r) 
by |Kum] Theorem 3.6.7. So if 5^ denotes the semigroup generated by — P p +1 , then 

00 00 

S (p)(c°°(r)) = s (2) (c°°(r)) c p| D((p™ +1 ) m ) = p| w {n+1)m ' 2 (r) = c°°(r), 

m=l m=l 

where we used the Sobolev embedding of Proposition IA.3I in the last step. Hence C°°(r) 
is a core for P p +l and the proof of the proposition is complete. □ 

Let S be the semigroup generated by —P. For all m G M let be the semigroup on 
Z/2(r) generated by — P m = —(Af + I) m . Clearly T*" 1 -' is holomorphic with angle n/2. 



15 



Lemma 5.2 Let m G IN, n G Wo V ^ (2,oo]. Tnen t/iere exists a c > swc/i i/iaf 
T 2 (m) (L 2 (r)) cC M (r) and 

\\T^\\ L2 ^ W n, P < c|Re«r^ ( W) |Re^|-- 
/or all z ^ C with Kez > 0. 

Proof Clearly Ti m) (L 2 (r)) C f\=i ^(^) = iXi ^ m£ ' 2 (r) = C°°(r) by Propo- 
sition 15.11 and the Sobolev embedding of Proposition IA.3I In addition, D(P d ~ 1+n ) = 
W d " 1+n ' 2 (T) C W n > p (T). By Propositions |X3] and O there exists a c> such that 

\\u\\ W n, P < c\\P d - 1+n u\\% \\u\\l- a 

n+{d-l){\-\) 

for all u G C°°(T), where a = — . Then the lemma follows by the spectral 

n + a — 1 

theorem. □ 

We will use again Lemma l4~2l to decompose 8 d (Tz ). This time it involves higher order 

derivatives on g. For all k G IN define Wk as in ([9]). In order to estimate S J g (P m ) Tz we 
need a few lemmas. The third one is the most delicate. 

Lemma 5.3 Let a be a multi-index over {1, . . . , d — 1} and /e£ j G IN with \a\ < j . Then 
there exist constants c Qlr , iCI|[ G R, where k G {0, . . . , |a|} and a\, . . . , a^+x are multi- 
indices, such that 

\a\ 

d a 5{{T) = J2 E c *u.., ak+1 M d « lh . . . M d o kh 8l k {<P^T) 

|ai|,...,|a fc |>l 
|aij + ...+|a fc+ i| = |o| 

for every h G 5(R d_1 ) and pseudo-differential operator T . 

Proof It follows by induction to j that <9j 5 3 h (T) = j M dih 5 j ~ l {T) + 8 j h {diT) for all i G 
{1, . . . , d — 1} and j G IN. Then the lemma follows by induction to \a\. □ 

In the next lemma we move the derivatives to the right. 

Lemma 5.4 Let j G IN and let (3 be a multi-index over {1, . . . , d — 1}. Then there exist 
constants cp^^^. +2 G R, where /?,..., (3j+2 ar ^ multi-indices, such that 

& K(T) = ^>-A +2 (<W ■ ■ ■ W% +1 T )) o 

\p 1 \+...+\Pi+a\=\P\ 

for every h G iS(R d_1 ) and pseudo-differential operator T, where 

d f3j+1 T=[d tl ,[...,[d lk ,T}...]] 

ifP j+ i = (ii, 
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Proof Since [9$, Sh(T)] = Sg^T) + 6h([di,T]), the lemma easily follows by induction to 
j and \/3\. □ 

The next lemma is the key estimate in our proof to estimate ||5 d (T^ ) 1 1 x,i— *-c - 

Lemma 5.5 For all mi, m 2 G INo and j G IN with m\ + m 2 + 1 > j there exists a c > 
such that 

\\P mi 5 j g (P) P rri2 u\\ 2 < c ||P mi+m2+1 ~%|| 2 (11) 
for all u G C°°(T) and g G W mi+ni2+ i. 

Proof We may assume that m 2 = 0, or m\ + m 2 + 1 — j- 

We use the notation as in the proof of Proposition 13.41 with p = q = 2 and with T = P. 
Now m — d — 1. Thus let L G IN, c > 0, T , K G C°°(T x T) and for all I G {1, ... , L} let 
ZTg, Xi, Xe an d ^ De as m the proof of Proposition 13.41 We may assume that 

mi+rri2+l mi+m2+l 

\\^ i (9° l P£ 1 )ho a (B(o,i))<co H V ^IUoc(r) 

i=l i=l 

for all £ G {1, ... , L} and g G C™(Ut). Moreover, let ^ e C™(U e ) be such that x f (ar) = 1 
for all x G suppx^- Then 

L 

p £\u v ./m/ v . • 

where T has as kernel. 

We first estimate the contribution of the operator To in (fTTj) . Note that 

L L 

||pmi §3g{TQ) pm2u y < gup £ £ | ( ^ (To) M pm2M? M pm lv)l 

v£C°°(r),\\v\\ 2 <i fi=ie2=l 

Let ^1,^2 £ {1; • • • > £}■ By Lemma IA.7I for every multi-index 7 over {1, . . . , d — 1} with 
|t| < t^i there exists a bounded operator T^ 1 ^ on L 2 (T) such that 

[ 7 [<mi ™ 

Similarly write 

| 7 |<m 2 ^ 2 

with X) G £(L 2 (r)). By ( 1231) there exists a C\ > 1 such that 



Lr (/~) 7 ^IL - ci||vl7l ^ ||o ° and ll 1 ^ (^~)^IL- ci||vl7l ^ ||o ° (12) 



for all g G w«u+«w+i,«>( r ) and | 7 | < mi +m 2 + 1. Let Uj v G c~(r) an d p e W mi+ma+ i. 
Then 

m(T )M Xl2 P m *u,M Xei P^v)\ 



< 

|7l|<mi |72|<m 2 
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Note that 

(M X(i 6 3 g (T ) M Xe w)(x) = JxiiW (g(x)-g(y)) j K(x,y) X iM w(y) dy 

for all x G V and w G C°°(T). Moreover, \g(x) — g(y)\ < 3D for all x,y G T by 
Lemma l3.1|(a) Using (112j) and the product rule one estimates 



[71 1 l7i| 



< (d(j + 2))^i + i-»i(i + sLOix.JU^ voi(r) £ £ liv^vf^iu || w || a 

i=0 i'=0 

for all w G C°°(r). Now it is clear that there exists a C2 > such that 

\(8i(T ) M X(i P m *u, M Xl2 P m ^v)\ < c 2 ||u|| 2 ||«|| 2 

for all m,d6 C°°(r) and g G W mi+m2+ i. Then 

||P mi ^(T ) P m2 w|| 2 < c 2 L 2 ||u|| 2 < c 2 L 2 ||P mi+m2+1 -%|| 2 

for all u G C°°(r) and g> G W mi+m2+1 . 

The estimates for the other terms in the decomposition of P involve much more work, 
as in Proposition [321 This time let 8: W mi+rri2+1 ' co (B(0, 1)) -»■ iy™ 1+m2 +i,oo( R d-i) be an 
extension operator as in [Stel] Theorem VI. 5 with respect to the domain -8(0, 1) C R d_1 . 
Again note that 8(h) G C 00 ^" 1 ) for all h G C°°(P(0, 1)). Without loss of generality we 
may assume that supp 8(h) C 5(0,2) for all h G W mi+m2+1 '°°(B(0,l)). Let £ G {1, . . . , L}. 
Let g G W mi +m2+ \. Then 

l|V l £((# - g((pt(0))) O CfJ 1 ) || £oo(R d-l) < ||£|| ||fl'O^7 1 -(5 , O^ 1 )(0)|| W mi+m 2 +l, t x, (S(Q)1)) 

"11+112+1 

<2||5|| ]T )IU 00 (s(q,i)) 



i'=l 

mi+m2+l 

<2c ||£|| J2 II^^IU-CT) 

i'=l 

< c 

for alH G {1, . . . , mi + m 2 + 1}, where C = 2co ||£|| (mi + m 2 + 1). 

As a consequence of Proposition 15.11 there exists a c > such that ||P mi, u|| 2 < 
c Yli^o II ^ M II 2 f° r a U u ^ C°°(r). So it suffices to show that there exists a c > such that 

5 j g (M Xl P M Xl ) P m2 u\\ 2 < c ||P mi+m2+1 -^|| 2 (13) 

for all u G C°°(T), g G W mi 

+m 2 +ii ^ ^ {l)---)-^ 7 } ari d i G {0,...,mi}. Next fix I G 

{1 /-}• 
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First suppose that m<i = 0. Let a, (3 be a multi-indices over {1, . . . , d — 1} with \a\ < 
j — 1 and < {mi + 1 - j) V 0. Let g G W mi+m2+ \. Choose h = £{g o ipj 1 ) where 
g = g — 5'(v?7 1 (0))- Using Lemma [5731 one has 

\\d^d^5i(M Xe PM^)u\\ L2(T) 
<c \\(d^d a 5i(f e ))(uo^)\\ L2{nd ^ 

\a\ 

< c o E E l c ^-^ +1 1 II (d^M 9aih . . . M dakh 5i- k (d a ^T e ))(u o ^- 1 )|| L2(IRd - 1) 

fc=0 «iv.afc+i 
K|,...,|a fc |>l 
|ai|+...+|a& + i|=|a| 

\a\ 

^ C ° E E E l C ^-^ +1 l ( k + l) l/3| ^||(^5t /l (^T,))(«0^ 1 )|U 2(Rd - 1) . 

|ai|+...+|a fc+1 | = |a| 

But then Lemma [5.41 gives 

ii(^ ( 5r fe (^f,))( M o^ i )ii L2(]Rd _ 1) 
- E i^.-./Sj-^i • 

/3lvi/3 'j-k + 2 

Wi\+-+\Pj- k +2\=h\ 

■ \\((5 9 e lh . . . 5 d ? 3 _ kh {d P] _ k+1 {d^ f t ))) o o ^ 1 )|| L2(Rd - 1) 



<c 3 E |c ft ,... A ._ fc+2 |||V^/ i || 00 ...||V^-/ i || t 



|/9i[+...+[ft--*+a|=[7l 



) 



< ^- fc c 3 E l 5 /W; +2 l ll^- fc+2 ((x^) o ^- 1 )IIl 2(R - 1 ) 



\h\+-+\Pj-k+a\=h\ 



for a suitable C3 > 0, where we used the Coifman-Meyer estimate of Theorem I3.3(a 



m 



the penultimate step. This is possible since |afc+i| < |ot| — k < j — k — 1 and hence 
d a *+if e G OPS j - k and then also dp._ k+l (d ak +i T t ) G OPS 3 " - * by [3Te2] Theorem VI.7.3. 
Then \\d^-k+*((x iU ) o ^7 1 )|| ia(B d-i ) < c 4 ||P^- fc + 2 «|U 2( r) < c 4 ||P mi+1 -%|U 2( r) for a suit- 
able C4 > 0. This completes the proof of (fT3|) if m2 = 0. 

Finally suppose that m\ + m 2 + 1 = j. Note that P m2 G OPS 7 " 2 . Using Lemma [A. 71 
it follows that for every multi-index 7 over {1, . . . ,d — 1} with I7I < m 2 there exists a 
bounded operator T 7 on La(r) suc h that 



|7|<m 2 



Let a be a multi- index with \a\ <m 1 . We shall show that (fl3~j) is valid. Using Lemma [5731 
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twice one deduces that first 
\\d^6l(M Xi PM^)P^u)\\ L2{r) 



|7|<m 2 



|«| 



| 7 |<m 2 fc=0 cn,.--,Ofc+i 
|ai|,...,|a fc |>l 
|ai|+...+|« fc+ l| = |o| 



L Q!l,...,afe + i 



|a| 



<^EE E K,..^xic fc ||^-*(fi°*+ 1 f,)^((r 7 «) o^- 1 )!^^ 

| 7 |< m2 fc=0 <n,...,a»+i 

|ai| + ...+|« fc+ l| = |o| 

and next 

l7l 

— E E \ C ll,-,lk'+i\ ' 

k'=0 7i,->7fc'+i 
I7i|,-,l7 fc 'l>l 
l7l|+...+|7 fc '+il=l7l 



• fe - fc '(9«^T^*'+0 ilW . . . M mh ((7» o ^- 1 )|| L2(R£i - 1) 



hi 



< c 5 E E K,.,v k ,jC k ' \\Vh\\£ k ~ k ' o ^ 1 )|U 2(m a- 1) 



fc'=0 7ii- f 7*'+i 
|7i|,-,l7 fc 'l>l 
l7l]+-+]7fc'+il=]7] 

hi 



<c c 5 ^ E l a n.-,7*/+J C ' i fc H T 7ll2^2|Mk(r) 



k'=0 7l,->7 fc '+i 
I7i|,-,l7 fc 'l>l 
|7i|+-+l7 fc '+il = l7l 



for a suitable C5 > 0, where we used again the Coifman-Meyer estimate of Theorem I3.£|(a) 
in the penultimate step. This is possible since |aifc+i| + 1 + |7fc'+i| < m 1 — k + 1 + m 2 — 
k' = j — k — k' and hence d ak+1 T e d' yk ' +1 E OPS^ k ^ k ' . The proof of the Lemma [531 is 
complete. □ 

Lemma 5.6 For all n E IN, mi, . . . , m n+ i E INq and ji, . . . , j n G IN with m\ + . . . + m n+ i + 
n > ji + . . . + j n there exists a c > such that 

||p m l (P!(P) P m2 p"l n fijn^pj P m ' I + 1 M|| 2 < C ||p mi + ---+ m ' l + 1 +"^ 1_ --- _ > 1 ^|| 2 

/or a// m G C°°(r) and g E W mi+ ... +rrin+1+n . 
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In particular, if mi + . . . + m n +i +n — ji + . . . + j n , then the operator 

pm\ fiji ^p^ pm,2 pm n gj n ^p^ pm n+1 

extends to a bounded operator from L 2 {T) into L 2 {T). 

Proof The proof is by induction to n. The case n = 1 is done in Lemma 15.51 
If mi + ni2 + 1 > ji then it follows from Lemma 15.51 that 

1 1 pmi £il(p) pm2 pm n pm n+lu y 

< C ||P mi + m2 + 1 ~J 1 ^' 2 (P) P m3 P m ™ 0^ n (P) P mn+1 u\\2 

for a suitable constant c and one can use the induction hypothesis. Suppose that nii+m 2 + 
1 < ji- Let k G {2, . . . , n} be chosen minimal such that mj + . . . + m fc+1 + ^ > ji + • • • + jk- 
Therefore m 1 + . . . + m k + k — 1 < Ji + . . . + Jfe-i and m k+ i + 1 > Let N = ji + . . .+ j k — 
k — mi — .. . — m k . Then iV G {1, . . . , m k+ i}. Note that mi + . . . + m k + k + N = ji + ■ ■ -+j k - 
Moreover, N + m k + 1 — j k — ji + • • • + Jfe-i — A: + 1 — mi — m^-i > > 0. So 
iV + mfc + 1 > j k . Hence 

|| pmi jj 1( p) pm 2 _ _ _ pm„ ^(p) p^+l w || 2 

< ||P mi £*(P) P m2 . . . P^- 1 (^(P) P mfc (Jf (P) P^ 1 1 2-^2 • 

• HP^+i-^^+^p) ...5l n (P)P mn+1 u\\ 2 . 

But by duality 

|| p mi . . . p m "-^ 5f-^p) p mk 5 j g k (p)p n || = i' x a') i' n - l (P) ... P mi || 2 ^ 2 

^cUpAT+mfc-Jk+l^k-^p) P mi || 2 ^ 2 

for a suitable c > by Lemma 15.51 Now one can use twice the induction hypothesis. □ 

Lemma 5.7 Let j,meH and ki,k 2 G IN with ki + k 2 + m > j . Then there exists a c > 
such that 

\\P kl 5 j g (P m ) P k2 UW 2 ^ C ||P fci+fc2+m -^H 2 

for all u G C°°(r) and g G W kl+k2+m . 

Proof Since S g is a derivation, there are constants Cm 1 j 1 ,... i m n +\ ^ ^> independent of g, 
such that 

S J g (P m ) = £ C m 1 ,, 1 ,...,m„ +1 P mi <^(P) P" 12 <?(P) • • • Pm " +1 ' 

where the sum is over all n G {1, . . . , j}, m 1 , . . . , m n+1 G 1N and ji, . . . , j n G IN such that 
ji + . . . + j n = j and mi + • • • + m n+i + n = m. Now apply Lemma 15.61 □ 

Lemma 5.8 Let k, m G IN, t G IN and ji, . . . , j k G {1, . . . , m). Then there exists a c> 

||P*Tj£> 5f (P m ) Ti fc m) . ..^ m) ^(P m ) Pir^lb < c ||p^+ fem -^---^ M || 2 
/or allu G C°°(r), g G W km+ e and zi, . . . , Zfc+i G C u>it/i Rez„ > /or alln G {!,..., 
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Proof Since T^ 1 commutes with P and ||Ti" 1 ' ) 1 1 2 >2 < 1 this follows easily by induction 

from Lemma [5. 71 □ 

Lemma 5.9 Let m, n G IN, £ G INo and p G [2, 00]. Suppose that d — 1 < 2m and n < in. 
Then there exists a c > such that 



|| P l 5 n g {T^ l) ) || < c (Re z )— sr^-i) (Re (Re z)~ n \z\ n 

for all z G C and g G W nm+ £ with Rez > 0. 

Proof We use Lemma 14.21 to rewrite 5™(T'i m ' ) ). Let /c G {1, . . . ,n} and ji, . . . ,jk G IN 
with ji + . . . + jfc = n. Let (ti, . . . , t&+i) G Pfc. There exists a K G {1, . . . , k+ 1} such that 
t K > sfe. Then 



< 



IIT^M II 



||p£ T (m) a/pm^ m(m) ( m ) ^ , m , ( m ) .. i| T (m) ,, /-..n 

By Lemma 15.21 and duality there exists a suitable ci > such that 
H^tU^ < (H) (Rez)-^<W> and llT^lk-* < (Re 

(15) 

We next estimate the big factor in ( JT4l) . 
Suppose that IT G {2, ... , k}. Then 

11 *fe+i ^/2 °3 ^ ) 1 t k z ■ ■ ■ J-12Z °g \ r )^ tlZ / 2 \\2^2 

< \\T>lrp{m) sj k (pm\ T (m) rp{m) rj K / p m \ rpim) II 

- IK 1 t k+1 z/2°g ^ J J *fc* ••• J t K+ l2°9 ^ J J tK*/2 112^2 

' ^(^ m ) t£? • • • T^l-J^{P m ) T t % 2 \\ 2 ^ 2 (16) 

inn T 

*iC«/2 



where we used duality in the second factor. By Lemma and the decomposition T*™ 



TfKzH ^tKz/A t nere are suitable c 2 , c 3 > such that 

w p * ?ti * s i k ( pm ) T $ ■ ■ ■ T %1 * < ( pm ) T S /2 11 2- 

< C2 ||p^-i. + i )m -^...- JfcT M /4 ||^ 2 

< c 3 (** Rez)-^^-^ 1 )" 1 -^--^)/" 1 , 

where we used the spectral theorem in the last step. The second factor in ( jl~6l) can be 
bounded similarly. Since tK > ^zj, there is a suitable C4 > such that 

ll^ T t! z/2 V 9 k {P m ) Ttz ■ ■ ■ TtJ (P m ) T^ /2 h^2 < c 4 (Re^)-^ +fcm -")/ m . 
Combining this with ( JT4l) and ( IToT) one deduces that 

' I ^ z££ , # (P m ) T t ^ . . . Tft } a* (P m ) r£? || ^ 

< c?c 4 (Re2)"^ {1 "pHRe2)- (mm - n)/m |z| fe t^t^ ( ^^. 



2 
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The cases K = 1 and K = k + 1 are similar. Integrating over and taking the finite sum 
gives the result. □ 

Lemma 5.10 Let m G IN with m > d and v G (0, 1). Then there exists a c > such that 

KC^IUi-^ < c(cos0) (1 -" )/Tn (cose)- d \z\^- u)/m 

for all z G C and g G Wd m +i with Re z > 0, where 9 = arg z. 

Proof This follows from Lemma 1531 with p = I = 1 and n = d, followed by the 
Sobolev embedding of Proposition IA.10I □ 

At this stage we have the required bound for <5 d (Tj"^) from L\ to C v . In order to obtain 
a bound for 5 d (S z ) = e z 5 d (Tz^) we need a lemma on subordination. 

Lemma 5.11 Let —A be the generator of a semigroup in a Banach space E which is 
bounded holomorphic in the sector £° / 2 . Let F G C(C(E)) and D C E a subspace. Let 
X,y be two Banach spaces with D C X. Let N G R and f3 G (— oo, |). Suppose that 
F(e~ zA )u 1 F(e- zVJ )u G y and 

\\F(e- zA )u\\ y < M (cos6)- N \zf \\u\\ x 

for all u G D and z G £°/ 27 where 9 = argz. Then 

WFie-^uWy < cpM (cos 6)~ N (cos 6)-^~V \z\ 213 \\u\\ x 
for all u G D and z G £°/ 2 , where Cp = / °° -j= s~ 3 ^ 2 e~^ s 13 ds and 6 = arg z. 
Proof For all z G C with Rez > define fi z : (0, oo) — > C by 

/iJs) = —}=zs~ 3/2 e~^. 

V47T 

Then 



POO 

e~ tV * = / fi t (s)e- sB ds 
Jo 



for all t > and every bounded strongly continuous semigroup by the example on page 
268 in |Yos] . Fix z = r e %e G C with \9\ < | and r G (0, oo). Choosing B = e %e A gives 



f-OO 

e -te^VA = e -tVB = I ^ s ) e -sj»A ds (17) 







for all t G (0, oo). Since both sides in (|T7|) extend holomorphically to the sector S°^ 4 one 
deduces that 



oo 



e- zVJ = / ii rel e,2(s)e- selBA ds. 
Jo 



Now let u G D. Then 



\F(e- zVJ )u\\ y < / \fi rel o /2 (s)\ \\F(e- seWA )u\\ y ds 
Jo 

poo 

< / \ii re re/2(s)\M (cos6)- N s p \\u\\ x ds. 
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But 



f f 1 2 

/ \fj, rei e/2(s)\ s 13 ds < / — rs _3/2 e _L ^ s p ds 

J0 ' JO V 4:71 

Jo V4vr 



Therefore _ 

\\F(e- z ^)u\\ y <c p M (cos6)- N+ P~ l 2 r 2fi \\u\\ x 

as required. □ 

Lemma 5.12 Let v £ (0, 1). Then there exists a c> such that 

||^(T«)|| Ll ^ <c (cose) 1 -" (cos fl)-*-*/ a |«| 1 -«' 

/or all z E C and g £ W^d+i w ^ Rez > 0, where k = [^|] awe? # = argz. 

Proof Note that 2 fc > d. Let c> be as in Lemma [5TTU1 with m = 2 fc . For all /3 £ (0, ~) 
let eg be as in Lemma 15.111 Using Lemma 15.111 it follows by induction to £ that 

< CC^_ u y 2 k ■ ■ -C(l~u)/2k-W (C0s6») _d+ V (cOS fl)"^ - !*^ . . . ( C OS 6»)" ( 5~i^Ti) |z|P=7 

= cc (1 _ y)/2 * . . .c (1 _ u)/2k -t+i (cos6y d ~ £/2 (cos#)^ |z|M 
for all £ £ {(),...,&}. Choosing £ = k gives the estimate of the lemma. □ 
We are now able to prove the main theorem of this section. 

Theorem 5.13 For all v £ (0, 1) there exists a c > such that 

\K z (x,y)\ <c(cos6r»(cos6)- d - k / 2 (N j^uL 

v |z| / 

/or all z G C with Kez > 0, where k = awe? # = arg z. 

Proof Let c > be as in Lemma 15.121 By Lemma 13.21 there exists a Cq > such that 

— Pr(x,y) < pf d) {x,y) < c pr{x,y) 
Co 

for all x,y £ T. Let (7 £ W 2 k d+ i. Then 

|(^(r«) M )(x) - (5f(TW)«)(^)l < c {cose) 1 -" {cos ey d - k / 2 izi 1 -" Pr {x,x'y \H\i 
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for all u G LiiT) and x,x' G T. Hence 

\(g(x)-g(y)) d K z (x,y) - (g(x') - g(y)) d K z (x', y)\ e" Re2 

< c (cos Q) x ~ v (cos 9)- d - k/2 \z\^ u Pr (x, x'f 

for all x, x', y G V. Choosing x' = y gives 

\g(x) - g(y)\ d \K z (x,y)\e- Rez < c(co S 6) l -» (cos 6)~ d -V 2 {z^ p T (x,x'y 
for all x,y G T. Optimizing over g G it follows that 

c " d Pr (x, y) d y)\ e~ Rcz < c (cos O) 1 ^ (cos fl)^ 2 p r (x, x'f 

for all x, y G r. Therefore 

( |d )~ V \ K ^ X ^\ - cc d (cos Of-" (cos 6)- d - k I 2 \z\-^ e Kez (18) 

for all x, y G T. It follows from Lemma 15.21 and duality that there exists a suitable ci > 
such that 

\K z (x,y)\ < HT^H^e 1162 < Cl (cos 6)~^ \z\~^ e Rez (19) 
for all x,y G T. Then the theorem for |z| < 1 follows from adding ffTB"]) and f lT9|) . together 



with Lemma 1(d) 



Finally we deal with the case \z\ > 1 . Let C > be as in Theorem 12.61 Then for all 
z = t + is with t > one estimates 

H^lll^oo < ||St/2|| 2— >-oc '-'is 2— >2 l-»2 

< C 2 (l A §|z| cos^~ (d_1) < 2 d - 1 C 2 (cos e)-^- 1 ) (|«| A l)-^" 1 ). (20) 
Since T is bounded, there exists a c > such that 



Jjf,(x,y)| < c - < 2 d -'cC 2 (cos9)^ d 



x — y\\ d ~ u ( \ x ~ y\\d-v 



1 + ^f 1 ) [ I + 

for all 1,1; 6 T and z G C with Rez > and \z\ > 1. This completes the proof of the 
theorem. □ 

Corollary 5.14 For all v G (0, 1) there exists a c > such that 

\\S Z \\ P ^ P < c(cos6)- d - k ' 2+1 - v 

for all p G [1, oo] and z G C loii/i Re z > 0, where k = [j^f ] and 6* = argz. 

Proof The bounds for p = 1 follows from a quadrature estimate from the Poisson bounds 
in Theorem 15.131 Then the bounds for p G (1, oo] follow from duality and interpolation. □ 
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Corollary 5.15 For all v G (0, 1) there exists a c > such that 

\\S z \\ P ^ q <c(cos9)- d ~ k / 2+1 ~» |^|-(d-D(|-|) 

for allp,q G [l,oo] and z G C with p < q, Rez > and \z\ < 1, where k = \j^f\ and 
= aigz. 

Proof This follows from interpolation of the bounds of Corollary 15.141 and the bounds 

□ 

We are finally able to prove the full Poisson bounds for complex z. 

Proof of Theorem 11.11 This follows from Proposition 14.11 and Corollary 15.151 similarly 
as in the proof of Theorem 15.131 □ 

6 Derivatives 

The kernel K z of the operator S z is a smooth function. The aim of this section is to prove 
Poisson bounds for the spacial derivatives of K z . If confusion is possible, then we denote 
by a subscript (1) and (2) the first or second variable on which a derivative acts. 
The main theorem of this section is the following. 

Theorem 6.1 For all k,£ G INo there exists a c > such that 



\z\ 


-(d-l) 


z\ 


-{k+£} 


e 2\z\ 




X 


-y\ 

\z\ 


■) 


d 
1 



for all z G C and x,y G T with Re z > 0, where 9 = arg z. 

The proof uses interpolation and the Poisson bounds of Theorem 11.11 The first step is 
that Theorem 11.11 has an easy corollary. 

Corollary 6.2 There exists a Co > such that 

K(Sg||i_>oc < c (cosfl)-W) (|z| A l)"^ 1 ) \z\i 

for all j G {0, . . . , d} and z G C with Re z > 0, where 9 = arg z. 

The key estimate for the proof of Theorem 16.11 is in the following lemma. 

Lemma 6.3 Let (V,cp) be a chart, x £ C^°{V), j G {0, . . . , d} and a a multi-index over 
{1, . . . , d — 1}. Then there exists a c > such that 

||(^) V^C^IIl-^oo < C(\Z\ A l)-^ 1 ) \z\* |Z|" H (COS ^)-2^+2)-| Q; | 

for all g G W 2 kj +d+ \ a \ + i and z G C with Re 2; > 0, where 9 = argz. 
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Proof Let k = and £ = d+ \a\ + 1. Let p G (d— 1, oo). By Lemma there exists 

a ci > such that 

for all g G W 2 kj +i and z G C with Re 2; > 0. Arguing as in the proof of Lemma [5.121 one 
deduces that there exists a C2 > such that 



ii^W)iii^<c i! kr (,, - i)( H)|z|-(^)( 



for all g G W 2 kj +e and z G C with Re z > 0. Hence by Proposition 15 . 1 1 there exists a c 3 > 
such that 

H^K^w^ < cs \z\-«-M-$ \z\-W (cob*)"*""* 

for all g G W 2 kj +e and z 6 C with Rez > 0. Next, let c > be as in Corollary 16.21 By 
Proposition IA.4I there exists a C4 > such that 

II (^) (x«)IU»(r) < C4||x«ll^ ( r) llxw||J~7(r) 
for all u G C°°(r), where 



\a\ 



7 



i-1 ' 

V 



Therefore 

d \ a 



< c 4 (c 3 ||M x ||^, P(rH ^, P(r) |z|- (d - 1)(1 -^ |«|-(^) (cos#) 2M ) 7 • 

c Hxlloo (M a l)-^ 1 ) \z\ j (coser 2d ^ 1 



< c 5 (\z\ A l)-^- 1 ) |^|-I Q I \z\ j (cose)- 2d{d+1) - e 

for a suitable constant C5. □ 

Lemma 6.4 Let (V, (p) be a chart, x £ C^°(V), and a a multi-index over {1, . . . , d — 1}. 
TTien t/iere exists a c > s«c/i t/iat 

||^((^) a M x ^ (1) )lli^oo < c(|*| A 1)H"I (|*| V l) d (cos^)- M ( d+2 H«l 
for all g G W 2 kj + d+\ a \+i and z G C wift Rez > ; where 9 = axgz. 

Proof It follows by induction to m that for all m G 1N and multi- indices (3\, . . . , /3 m , 7 
over {1, . . . , d — 1} there is a constant cp u .„ t p mrl G R such that 

^ O ° M *> = E c ^~>^ • • • M &mg (A) 7 M x (21) 
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uniformly for all g G C°°(T), where the sum is over all ^i, ... , (3 m , 7 with \(3i\, . . . , \(3 m \ G IN 
and |/3x| + . . . + \(3 m \ + | | = \a\. Note that \a\ — \j\ > m. Since 5 g is a derivation, one has 

^((|)X^) = Eg)^((^)X)W»). 

Now use (|2TT) and Lemma 16.31 □ 





-(d-1) 


z\ 


-M e 2 W 




x-y\} 
\z\ J 


1 



Lemma 6.5 Let (V, <£>) be a chart, \ 6 and a a multi-index over {1, . . . , d — 1}. 

T/ien there exists a c > snc/i t/ia£ 

/ F) \a \ \ 7 \-( a - i -) \ 7 \-\ a \ P A Z \ 

(i) ((x 1W ) ( "' y) 1 - c >. J-,m (cos ^- 2d(d+2)Ha| 



/or all t > and x, y G M. 

Proof This follows from Lemma [6.41 by minimizing over g, together with the bounds of 
Lemma [6.31 with j = 0. □ 

In order to have derivatives on both variables we use duality and the next lemma, which 
states that the convolution of two Poisson bounds is again a Poisson bound. 

Lemma 6.6 There exists a c > such that 

(tAl)-C*- 1 ) (tAl)-^ c (tAl)-^- 1 ) 



\x — z\ 



/or all t > and x,y G T. 

Proof For all t > define P 4 : T x T ->■ R by 



, (tAl)-^- 1 ) (tAl)-^ 1 ) , 



Let 



(t Al)-^ 1 ) 
su l> Mip / Lx _ ?/M < -x. 



te(o,oo) zer Jr 

Let t > and x, y G T. Then 



1 + 



Moreover, |x — y\ d < (\x — z\ + \z — y\) d < 2 d {\x — z\ d + \z — y\ d ). Hence 

\x - y\< P t (x, y)<2<[ , (tA , 1 J"^ J ■(\x-z\< + \z-y\<). }*jlTyL 



1 + l 1+ , 
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dz< (t A t — J. — dz 



x — z 






z-y 




t J 


t J 



But 



< c (tAl)-^ d - 1) t d . 
Estimating similarly the other term one deduces that 

\x-y\ d P t (x,y)<2 d+1 c (tAl)-^ l h d . 
Then the lemma follows with c = (1 + 2 d+1 )co. □ 

Proof of Theorem Q Let {V x ,tp x ) and (V 2 ,(p 2 ) be charts, Xi e C™{V U R), \2 G 
C^°(V2,M), and a and /3 be multi-indices over {1, . . . , d — 1}. The semigroup property 
gives 

(( X i®X2)K 2z ))(x,y) 



v d^pi ' (i) V d(p 2 ' (2) 
for all s,t/ 6 F and z G C with Re z > 0. But 

Using Lemmas 16.51 and 16.61 it follow that there exists a c > such that 

) (w-) ((Xi®X2)K z ))(x,y)\<c^ W ^—(cos6)-^ d +^-W 

/ (1) \OLPo/ (2) / A \X — V \ a 



dip 1 J (i)\d(p 2 y (2) 



\z 




z 


|-(M+|/3|) e 2| 2 | 


( 1+ i 


x-y 

\z\ 


) 


d 



for all x,y G T and z G C with Rez > 0. Now the theorem follows by a partition of the 
unity and Lemma [A. II □ 

7 Holomorphy and H^- functional calculus 

In this section we give applications of our Poisson bounds to the L p -holomorphy of the 
semigroup as well as ifoo-functional calculus and sharp spectral multipliers. We start with 
the holomorphy. Recall that the operator Afy is self-adjoint and hence the semigroup S v is 
holomorphic on the sector £°^ 2 in ^(T), where E Q is defined in ( flQj) . If V > then SY is 
a contraction operator on ^(T) for every z G £°/ 2 - On the other hand, the Poisson bound 
we proved allow to extend the semigroup S v from L p (T) fl L 2 (T) to a strongly continuous 
semigroup on L p (T) for all p G [1, oo). A natural question concerns the holomorphy of the 
extension to L\ (r) and describe the sector of holomorphy. It is now well known (cf . [Ouhl] 
or |Ouh3j Corollary 7.5) that a Gaussian upper bound of the heat kernel of a self-adjoint 
semigroup implies analyticity on L\ on the sector £° / 2 . This fact is not clear if instead we 
have Poisson bounds. Nevertheless we have the following result. 
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Theorem 7.1 Suppose < V G Loo(f2). The semigroup S v is holomorphic on Li(T) on 
the sector S^. IfV = 0, then S is holomorphic on £i(T) on the sector E°^ 2 . 



2d 



Proof For all z G C with Rez > let Kj be the kernel of S^. By Theorem 11.21 and 
Proposition 3.3 in |DR] it follows that for all e G (0, 1) and 6 G (0,e|) there is a C > 
such that 

1+ ' | | ' 

|z| / 

for all zsEj and x, y G T. Now suppose hat cfe < 1. Then by [PR] Proposition 2.3 the 
semigroup t \-t SY eiv extends to a Co-semigroup on Li(T) for each ip G (—9, 6). Integrating 
the bounds of (122]) on the (d — l)-dimensional manifold T we see that there is a C > 
such that 

r \KY(x,y)\da(x)<C 



r 

for all z G Eg and y G T. Therefore the semigroups (SY eiv )t>o are bounded, uniformly for all 
ip G (— 9, 6). Hence S v is holomorphic on -^i(r) on the sector by [Kat] Theorem IX. 1.23. 
This means that we have holomorphy of S v on -^i(r) on the sector E^. 

If V = we apply Theorem 11.11 to obtain the second assertion. □ 

We do not know whether S v is holomorphic on the right half-plane on -^i(r). Another 
application of Theorem 11.21 concerns the ifoo-functional calculus. 

Theorem 7.2 Suppose V > 0. Let /i G ( 7r( ^ d 1 ' > , ir) and p G (l,oo). Then My has a 
bounded if^E") -functional calculus on L P (T). Moreover, f{My) is of weak type (1, 1) for 
allfeH^). 

IfV = then the above is valid for all fi G (0, 7r). 

Proof This follows from (|22|) and Theorem 3.1 in [PR] if V ^ 0. If V = we can use 
the bounds for complex time in Theorem 11.11 which allow any choice of fi G (0, 7r). □ 

An interesting particular case of the holomorphic functional calculus is the boundedness 
on £ p (r) of imaginary powers My. The bounded imaginary powers on L p {T) in case V = 
were proved before by Escher-Seiler [ESj with different methods. 

We emphasize that for the operator M, stronger results are known. Indeed a spectral 
multiplier theorem is proved in |SS] . Theorem 3.1. More precisely, it follows from the 
results there that f(M) is bounded on L P (T) for all p G (l,oo) provided / satisfies the 
Hormander condition 

sup \\f(.)l3(t.)\\ W 2, s < oo, 

t>0 

where (3 is a smooth non-trivial auxiliary function and s > It follows easily from the 
Cauchy formula that the latter condition holds if / is a bounded holomorphic function in 
some sector of angle fi > 0. 

Note that using our Poisson bound one can adapt the method from |DUSj to obtain 
the previously mentioned spectral multiplier result for M . Indeed, if one uses Theorem 11.11 
instead of a Gaussian bound as supposed in [DOS] and the A vakumovic-Agmon- Hormander 
theorem for the spectral projection of pseudo-differential operators on compact manifolds, 
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then one argues as in Section 7.2 of [DOSJ. Even though the power of cos 8 in Theorem 
11.11 is not optimal, it is then reduced by the interpolation argument as in the proofs of 
Theorems 3.1 or 3.2 in |DOSj . The advantage of this method is that we obtain in addition 
that f(A) is of weak type (1, 1) which is not stated in [SSj . 



A Compact manifolds 

Let (M, g) be a Riemannian manifold (without boundary) of dimension m. We always 
assume that a Riemannian manifold is cr-compact. Then M has a natural Radon measure 
denoted by | • |. Let p G [1, oo] and k G IN. Set 

K'c(M) = {ue L Piloc (M) : u o tp~ l G W*f(<p(V)) for every chart (V, V )} . 

If w G W££(M) and (V, ip) is a chart on M then set Am = (D^u o p- 1 )) o p g L Ptloc (V), 



where Di denotes the partial derivative in R m . Moreover, for all u G W lo ^(M), every 
chart (V,(p) on M and i G {l,...,m} define V*w, V^u G £ Pl i oc (X) by V*w = -^jU and 
VjU = XZJLi S'ij V J u. Note that V^w and V l u depend on the chart (V,cp). Let k G IN and 
u G W^'^M). Then there exists a unique element |V fc w| G L P)loc (M) such that 



1/2 

( E (V n ...V 4fcM ) (V*i...V^)) 

U,...,ife=l 

for every chart (V,(p) on M. Set |V°w| = \u\. Similarly, if u G C°°(M x M) and fc^el, 

(1) V (2)< 



|V fc u| 



then there exists a unique element |V(U Vf 2 )W| G C(M x M) such that 



m m 

V (i) V ( 2 H| v =( E E (V(i),u---V(i), fc V (2)jl ...V (2)j ^) 



ii,...,i fc =l j!,...,j e =l 



■ (v; i 1) ...v^ 1) v^...v^n: 



1/2 



(1) v (2)--- v (2)' 

for every chart (V, <p) on M. With obvious modifications one can also define |V/U V/ 2 )w| G 
C(Mx M) if = or £ = 0. 

Now also allow k = 0, so /c G INo- Define the Banach space Vy fc ' p (M) by 

iy fc ' p (M) = {u6 Wjf (M) : | V%| G L P (M) for all j G {0, . . . , m}} 

with norm 

^ 1 /2 

Ikllw^(M) = (E II l VJ '"l Hp) • 

3=0 

If u, v G W /1,2 (M) then there exists a unique element Vw • Vt> G L±(M) such that 

(V«- Vv)\ v = ^(Viu)^ 



i=i 



for every chart (V, p) on M. Clearly if (V, ip) is a chart on M with V compact, then for 
every multi-index 7 over {1, . . . , m} there exists a c > such that 



, d \7 



< c||V l71 



(23) 
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for all u G lyl 7 !' 00 . Conversely, one has the following estimate on compact manifolds. 

Lemma A.l Suppose M is compact. Let N G IN and for all n G {1, . . . , N} let (V n , ip n ) 
be a chart on M and Xn £ C^(y„) such that < % n < 1. Suppose that X^ n =i Xn — 1- Let 
k,£ G TST - TTien £/iere eaisfe a c > suca t/iat 



JV 



n,m=l |a|<fc |/3|<£ 

multi-index notation, etc. 



d \ a / d \P 
fy n / (i)\dip m ) (2; 

/or a// it G C°°(M x M) and x, y G M, where (g^-)^ acts on i/ie /irst variable, we use 



Define the sesquilinear form a: W /1,2 (M) x W 1,2 (M) — >• C by a(n, v) — J Vn • Vt> . Then 
a is closed and positive. The Neumann Laplace— Beltrami operator A on M is the 
associated self-adjoint operator. If (V, <p) is a chart on M then 

Am = 7T7 9 lJ V9 ir~ u 



1,3= 



for all u G C£°(V). Since the form a satisfies the Beurling-Deny criteria it follows that the 
semigroup S generated by A extends to a continuous contraction semigroup S {p) on L P {M) 
for all p G [1, oo). We denote by A p the generator of S^K If no confusion is possible, then 
we drop the suffix p in A p . 

Proposition A. 2 If M is compact, k G IN and p E (l,oo) then W k > p (M) = D({-A p ) k / 2 ). 
Moreover, C°°(M) is dense in W k,p (M). 

Proof See [Hebj Proposition 3.2. □ 

We need various Sobolev embeddings. 

Proposition A. 3 Suppose M is compact. Let fc,n6l and p G (2, oo]. Suppose | — - < 
Then W k+n > 2 (M) C I^ n ' p (M) and t/iere ezzste a c> such that 

\\u\\w n 'P(M) < c ll M lliVfc+n,2( M ) IMli 2 (M) 
-)- 777/ — — *) 

/or a// n G iy fc+n ' 2 (M) ; waere a = V" 5 "- 

n + 

Proof These bounds are well known on R m and then follow on a compact manifold by 
localization. □ 

Proposition A. 4 Suppose M is compact. Let (V,(p) be a chart, \ G C£°(V) and a a 
multi-index over {1, . . . , d — 1}. Let p G (m, oo) and i G IN be such that I > \a\ + 1. Taen 
t/iere exists a c > snc/i £/ia£ 

II (^) (x«)IU«(Af) < c||xw||^, p(M) ||x«Hi7(M) 
/or all u G C°°(M) ; w/iere 

\a\ 

1 ~ £-m- 

p 
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Proof By the Sobolev embedding theorem and interpolation there exists a d > such 
that 

\\v ||vFl a l'°°(R m ) — c \\ v \\w e > ao (R rn ) W V W L<2(R m ) 

for all v G W e,p (W n ). Using the chart (V, </?) and localizing with x gives the proposition. □ 

Lemma A. 5 Let (Vi,(p) and (V2, tp) be charts on M, let X11X2 G C^°(M) and suppose 
that suppxi C Vi and suppx2 C V 2 . Let k G JN and T G OPS fe (M). Let p G (l,oo). 
Then for every multi-index a over {1, . . . , m} with \a\ < k there exists a bounded operator 
T a on L p (M) such that 

M X1 TM X2 = M Xl T a {-^r) a M X2 . 

\a\<k ^ 

Proof There exists a f G OPS fc (R m ) such that 

fw = (xiT^(w ■ (x 2 V' -1 )) 'ipj] V' 1 

for all w G iS(IR m ). By the proof of Proposition VI. 5 in |Ste2] for all multi- indices a with 
|a| < k there exists a pseudo-differential operator T a of order such that T = Yli\a\<k T a G 
<9 a . Each T a is bounded on L p (H d ) by |Ste2] Proposition VI. 4. Then the lemma follows by 
a coordinate transformation. □ 

Lemma A. 6 Suppose M is compact. Let A; G JN and T G OPS fc (M). Let p G (l,oo). 
Then there exists a c > such that \\Tu\\ p < c \\u\\wk, P r M \ for all u G C°°(M). 

Proof This follows with a partition of the unity from Lemma IA.5I □ 

Lemma A. 7 Let (V, if) be a chart on M and \ G C™{V). Let k G 1N and T G OPS fc (M). 
Lei p G (1, 00). T/ien for every multi-index a over {1, . . . ,m} with \a\ < k there exists a 
bounded operator T a on L p (M) such that 

M x T=Y,M x (£) a T a . 

\a\<k 

Proof This follows from Lemma \A.5\ duality and a partition of the unity. □ 

For the remaining part of this section suppose that the manifold M is connected. Then 
the Riemannian manifold has a natural distance, denoted by du- Note that 

d M (x,y) = sup{\g(x) - g(y)\ : g G C°°(M) and HV^IU < 1} (24) 

for all x, y G M. See, for example |ABE] Proposition 2.2. We need some equivalence of 
the distance on M. Since M is compact, one can locally regularize using a finite number 
of charts. Therefore ( 124"|) implies the next lemma. 
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Lemma A. 8 For all N £ IN there exists a c > suc/i i/iat 



~ d M {x,y) < su P {g(x) - g{y) : g £ C°°{M) and || V^|U < 1 for alii £ {1, . . . , iV}} 
< cd M (x,y) 
for all x, y £ M. 

Moreover, for embedded manifolds the distance du is comparable with the Euclidean 
distance. This is a consequence of [Hel] Proposition 9.10. 

Lemma A. 9 Suppose A; £ IN and M is embedded in R fc . Then there exists a c > such 
that | 

- d M (x, y) < \x - y\ < cd M (x, y) 
c 

for all x, y £ M. 

Finally we introduce Holder spaces. If v £ (0, 1) then we denote by C U (M) the space of 
all Holder continuous functions of order v with respect to the distance du, with seminorm 

\u(x)-u(y)\ 

INHc»(A/) = sup . 

The norm on C V (M) is given by IImHc^m) = IM|oo + IH^HIcCAf)- With this norm the space 
C U (M) is a Banach space. Moreover, one has the following Sobolev embedding. 

Proposition A. 10 Suppose M is compact and p £ (m, <x>). Set i/ = 1 — — . Then 
W 1)P (M) C C U (M). In particular, there exists a c > such that 

\\u\\c"(M) < C |M|wi>p(M) 

for allue W X > P {M). 

Proof See |Heb] Theorem 3.5. □ 
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